Rules for integrands of the form (c +dx)™ (a+bSin[e + fx])"

1. j(c+dx)'“ (bsin[e + fx])"dx
1. J(c+dx)"‘ (bsin[e+fx])"dx whenn>0
1. J(c+dx)"‘sin[e+fx] dx

1: J(c+dx)'“$in[e+-Fx] dx when m>0

Reference: CRC 392, A&S 4.3.119
Reference: CRC 396, A&S 4.3.123
Derivation: Integration by parts
Basis: Sin[e + f x] = - £ 6xCos[e + f x]

Rule: If m > 0, then

(c+dx)"Cos[e+Ffx] dm
-F +T (c+dx)"*Cos[e+fx]dx

j(c+dx)'"sin[e+fx] dx — -

Program code:

Int[(c_.+d_.#x_)"m_.xsin[e_.+f_.#x_],x_Symbol] :=
- (c+dxx) *mxCos [e+fxx] /f +
d*m/'F*Int [ (c+dxx) ~ (m-1) xCos [e+-F*x] ,x] /3
FreeQ[{c,d,e,f},x] && GtQ[m,0]



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

2: j(c+dx)’“Sin[e+fx] dx when m< -1

Reference: CRC 405, A&S 4.3.120
Reference: CRC 406, A&S 4.3.124
Derivation: Integration by parts

Rule: If m < -1, then

(c+dx)™!sin[e+ fx] f

J(c+dx)’"sin[e+fx] dx — J(c+dx)”*1Cos[e+fx] dx

d (m+1) d (m+1)

Program code:

Int[(c_.+d_.#x_)~m_ssin[e_.+f_.xx_],x_Symbol] :=
(c+dxx)~ (m+1) *Sin [e+'F*x]/(d* (m+1)) -
£/ (d% (m+1) ) xInt [ (c+dxx)~ (m+1) xCos [e+fxx],x] /;
FreeQ[{c,d,e,f},x] & LtQ[m,-1]

Sin[e+fx]
3. j—dlx
c+dx
] J-Sin[e+fx]

c+dx

dx whende-cf==0

Derivation: Primitive rule

Basis: SinIntegral[i z] == 1 SinhIntegral[z]

Basis: Ox CosIntegral[i F[x]] == OxCoshIntegral [F[x]] == OxCoshIntegral [-F[x]]
Rule:If de - c f = 0, then



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

J»Sin[e+-Fx] SinIntegral|e + f x|
——dXx —

c+dx d
Cos[e + f x| CosIntegral|e + f x|
J—dlx—»
c+dx d

Program code:

Int[sin[e_.+f_.«Complex[0,fz_]*x_]/(c_.+d_.*x_),x_Symbol] :=
I+SinhIntegral[c«f«fz/d+fxfz+x]/d /;
FreeQ[{c,d,e,f,fz},x] & EqQ[d+e-cxfxfz+I,0]

Int[sin[e_.+f_.#x_]/(c_.+d_.*x_),x_Symbol] :=
SinIntegral|e+fsx]|/d /;
FreeQ[{c,d,e,f},x] & EqQ[dxe-cxf,0]

Int[sin[e_.+f_.«Complex[0,fz_]*x_]/(c_.+d_.*x_),x_Symbol] :=
CoshIntegral [-c+f+fz/d-fxfz+x]/d /;
FreeQ[{c,d,e,f,fz},x] & EqQ[d*(e—Pi/z)—c*f*fz*I,O] && NegQ[c*f*fz/d,O]

Int[sin[e_.+f_.«Complex[0,fz_]*x_]/(c_.+d_.*x_),x_Symbol] :=
CoshIntegral [cxf«fz/d+fxfzsx]/d /;
FreeQ[{c,d,e,f,fz},x] & EqQ[dx(e-Pi/2)-cxf+fz+I,0]

Int[sin[e_.+f_.#x_]/(c_.+d_.*x_),x_Symbol] :=

CosIntegral|e-Pi/2+fxx]/d /;
FreeQ[{c,d,e,f},x] & EqQ[dx(e-Pi/2)-cxf,0]

Sin[e+fx]
2:]———————&xw%nde—cf¢0
c+dx

Derivation: Algebraic expansion

Basis: Sin[e + fx] = Cos|9e<F]| sin| <f + fx] +sin[decf] Cos|<F + f x|

d d d

Rule:If de - c f # 9, then



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

Sln[e+fx] de-cf Sln—+fx e_cf Cos —+'Fx
dlx—»Cos ] d1x+51n ]
c+dx c+dx c+dx

Program code:

Int[sin[e_.+f_.*x_]/(c_.+d_.#x_),x_Symbol] :=
Cos [ (d*e-c*-F)/d] *Int [Sin [c*f/d+f*x]/(c+d*x) ,x] +
Sin[ (dxe-cxf) /d] xInt[Cos [c+f/d+fxx]/(c+d*x),x] /;
FreeQ[{c,d,e,f},x] & NeQ[dxe-cxf,0]

Sln[e+-Fx]

Ve+dx
Sin[e+-Fx]

Vec+dx

dx

dx whende-cf==0

Derivation: Integration by substitution

Basis: If d e - ¢ f = 0, then Flexfx] ;Subst[F[i}, X, \/c+dx}@xvc+dx
Jodx  d d

Rule:If d e - c f = 0, then

si f £x2
JM — ESubst[JSin[—x] dx, x, '\/c+dx]
Vec+dx d d

Program code:

Int[sin[e_.+Pi/2+f_.+x_]/Sqrt[c_.+d_.*x_],x_Symbol] :=
2/d*Subst[Int[Cos[fxx*2/d],x],x,Sqrt[c+d*x]] /;
FreeQ[{c,d,e,f},x] && ComplexFreeQ[f] & EqQ[d+e-cxf,0]

Int[sin[e_.+f_.+x_]/Sqrt[c_.+d_.*x_],x_Symbol] :=
2/d+Subst[Int[Sin[f«x~2/d],x],x,Sqrt[c+d*x]] /;
FreeQ[{c,d,e,f},x] && ComplexFreeQ[f] & EqQ[d+e-cxf,0]



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

Sin[e+fx]

Vec+dx

dx whende-cf+0

Derivation: Algebraic expansion

Basis: Sin[e + f x] = cOs[ded;“c} Sin[cd—‘cﬂcx} +Sin[ded;c‘c} Cos[cd—fﬂcx}

Rule:If de - c f # 9, then

de-cf] Sin[ch+fx] dlx+5in[de_cf -J‘COSI:Cd_‘F+'FX:|

d Nerdx d Verdx

Sin[e+fx]

Vec+dx

dx — Cos[ dx

Program code:

Int[sin[e_.+f_.+x_]/Sqrt[c_.+d_.*x_],x_Symbol] :=
Cos [ (dxe-cxf) /d] »Int[Sin[c+f/d+Ffxx]/Sqrt[c+dxx],x] +
Sin[ (dxe-c+f)/d] xInt[Cos[c+f/d+fxx]/Sqrt[c+d«x],x] /;
FreeQ[{c,d,e,f},x] && ComplexFreeQ[f] & NeQ[d+e-cxf,0]



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

5: j(c+dx)’"Sin[e+-Fx] dx

Derivation: Algebraic expansion

Basis:Sin[z] = >ie'?-1ie'”?
. 1 -1z 1 iz
Basis: Cos[z] == 5 € +5e

Rule:

i ) i .
J(c+dx)"‘Sin[e+fX] dx — —J‘(c+dx)'“:x=.“L (e+fx) gx - —J‘(c+dx)'“:x=.‘1 (e+F3) qx
2 2

Program code:

Int [ (c_.+d_.*x_)"m_.xsin [e_. +k_.*Pi+'F_.*x_] ,x_Symbol] 5=
I/2+Int[ (C+d#x) "mxE~ (-IxkxPi) #E~ (-Ix (e+fxx)),x] - I/2+Int[(c+d*x) m«E” (Ixk#Pi)+E" (I« (e+fxx)),x]| /;
FreeQ[{c,d,e,f,m},x] && IntegerQ[2xk]

Int[(c_.+d_.#x_)m_.xsin[e_.+f_.#x_],x_Symbol] :=
I/2+Int[ (C+d#x) "m+E~ (-Ix (e+fxx)),x] - I/2+Int[(c+d»x) m«E~(Ix (e+fxx)),x] /;
FreeQ[{c,d,e,f,m},x]



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

Z\f“+dxﬂ(bﬁnh+fx”"dwann>1

1: J(c+dx)msin[e+fx]2dx

Derivation: Algebraic expansion

Basis: sin[z]? == L_ empn

Rule:

1 1
J(c+dx)’"sin[e+fx]2d1x — —J(c+dx)"‘d1x——J(c+dx)'"Cos[2e+2-Fx] dx
2 2

Program code:

Int[(c_.+d_.#x_)"m_.+sin[e_.+f_.xx_/2]2,x_Symbol] :=
1/2%Int[ (c+d*x)*m,x] - 1/2xInt [ (c+d*x) “mxCos [2*e+f*x] ,x] /3
FreeQ[{c,d,e,f,m},x]



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

2. j(c+dx)"‘ (bsin[e+fx])"dx whenn>1 Am=z1

1: j(c+dx) (bsin[e+fx])"dx whenn>1

Reference: G&R 2.631.2 withm —» 1
Reference: G&R 2.631.3 withm > 1

Rule: If n > 1, then

J(c+dx) (bsin[e+fx])"dx —

d (bsin[e+fx])" b (c+dx) Cos[e+fXx] (bSin[e+-Fx])"'1

f2 n? fn

b2 (n-1
N [(evax (bsinferex])™ ax
n

Program code:

Int[(c_.+d_.#x_)*(b_.#«sin[e_.+f_.#x_])~n_,x_Symbol] :=
d* (b*Sin [e+'F*x] )"n/ ('F"Z*n"Z) -
bx (c+dxx) #Cos [e+Ffxx] » (bxSin[e+Ffxx] )~ (n-1) /(fxn) +
br2# (n-1) /nxInt [ (c+d#X) x (bxSin[e+fxx])~(n-2),x] /;
FreeQ[{b,c,d,e,f},x] && GtQ[n,1]

2: j(c+dx)“‘ (bsin[e+fx])"dx whenn>1 A m>1

Reference: G&R 2.631.2
Reference: G&R 2.631.3

Rule:1f n >1 A m> 1,then

j(c+dx)'“ (bsin[e+fx])"dx —



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

dm (c+dx)™* (bsin[e+fx])" b (c+dx)"Cos[e+fXx] (bSin[e+-Fx])"'1

2 n? fn

b2 (n-1 d? -1
LJ(udx)m (bsin[e + £x]) "2 ax- wj(“dx)m-z (bsin[e + £x])" ax
n

.FZ n2

+

Program code:
Int[(c_.+d_.#x_)"m_x(b_.xsin[e_.+f_.*x_])~n_,x_Symbol] :=
dxmx (C+dxx) "~ (m-1) » (b*Sin [e+f*x] ) "n/(-F"Z*n"Z) -
bx (c+dx) "mxCos [e+fxx] « (bxSin[e+Ffxx] )~ (n-1) /(fxn) +
b”2% (n-1) /n*Int[ (C+d*Xx) “mx (b*Sin [e+f*x] ) A (n-2) ,X] -

d*2xmx (m-1) /(£224n"2) xInt [ (c+d#x) A (m-2) * (bxSin[e+fxx]) n,x] /;
FreeQ[{b,c,d,e,f},x] && GtQ[n,1] & GtQ[m,1]

3. J.(c+dx)’" (bsin[e+fx])"dx whenn>1 A m<1

1: j(c+dx)“‘sin[e+fx]"d1x whennez An>1 A -1sm<1

Derivation: Algebraic exnansion

Rule:lf nez An>1 A -1 <m< 1,then

J(c+dx)’“5in[e+fx]"d1x — J(c+dx)’“TrigReduce[Sin[e+-Fx]"] dx

Program code:

Int[(c_.+d_.#x_)~m_ssin[e_.+f_.xx_]"n_,x_Symbol] :=
Int[ExpandTrigReduce[ (c+dxx)~m,Sin[e+fxx]~n,x],x] /;
FreeQ[{c,d,e,f,m},x] && IGtQ[n,1] && (Not[RationalQ[m]] || GeQ[m,-1] && LtQ[m,1])



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

2: J(c+dx)'"51n[e+fx]"d1x whennezZ An>1 A -2sm<-1

Derivation: Integration by parts

Rule:lf nez An>1 A -2 <m< -1,then

(c+dx)™*sin[e+ fx]" fn

J(c +dx)"sin[e+fx]"dx — J(c +dx)™* TrigReduce [Cos[e + f x] Sin[e + -Fx]"'l] dx

d (m+1) d (m+1)

Program code:

Int[(c_.+d_.#x_) m_xsin[e_.+f_.«x_]~n_,x_Symbol] :=

(c+d*x)~ (m+1) *Sin [e+‘F*x] "n/(d* (m+1)) -

fxn/ (d« (m+1)) *Int [ExpandTrigReduce [ (c+d#x)~ (m+1) ,Cos [e+fxx]|xSin[e+fxx]~ (n-1),x],x] /;
FreeQ[{c,d,e,f,m},x] && IGtQ[n,1] && GeQ[m,-2] && LtQ[m,-1]

10



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

3: J(c+dx)'“ (bsin[e+fx])"dx whenn>1 A m< -2

Reference: G&R 2.638.1
Reference: G&R 2.638.2

Rule:lf n>1 A m< -2,then

J(c+dx)'“ (bsin[e+fx])"dx —

(c+dx)™! (bSin[e+fx])" bfn (c+dx)™?Cos[e+fx] (bSin[e+-Fx])"‘1

d (m+1) d?2 (m+1) (m+2)

.FZ r.|2

d2 (m+1) (m+2)

b2 2 _
J(c+dx)"‘"2(bSin[e+-Fx])"dlx+ nin-1)

Program code:

Int[(c_.+d_.#x_)"m_x(b_.xsin[e_.+f_.»x_])~n_,x_Symbol] :=
(c+dxx) A (m+1) » (b*Sin [e+'F*x] )"n/(d* (m+1)) -
bxfxn* (c+d*x)~ (m+2) xCos [e+f*x] * (b*Sin [e+f*x] ) n (n—l)/(d"Z* (m+1) » (Mm+2)) -
fA2xn*2/ (d*2% (m+1) * (m+2) ) *Int [ (c+d*x) ™~ (M+2) * (b*Sin [e+'F*X] ) "n,x] +
bA2xF 2xn% (n-1) / (d*2x (M+1) » (M+2) ) *Int [ (C+d#x) " (m+2) * (bxSin[e+fxx])~(n-2),x] /;
FreeQ[{b,c,d,e,f},x] && GtQ[n,1] & LtQ[m,-2]

d?2 (m+1) (m+2)

J(c +dx)™2 (bSin[e+-Fx])"'2 dx

11



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n 12

2. J(c+dx)'" (bsin[e+fx])"dx when n< -1

1: J(c+dx) (bsin[e+fx])"dx whenn<-1 A n#-2

Reference: G&R 2.643.1 withm —» 1
Reference: G&R 2.643.2 withm > 1

Rule:1f n < -1 A n # -2,then

J(c+dx) (bsin[e+fx])"dx —

(c+dx) Cos[e+fx] (bSin[e+-Fx])"+1 _d (bSin[e+-Fx])"+2 . n+2 f(c+dx) (bsin[e+fx])"+2d1x
bf (n+1) b2f2 (n+1) (n+2) b? (n+1)

Program code:

Int[(c_.+d_.#x_)*(b_.#sin[e_.+f_.+x_])~n_,x_Symbol] :=
(c+d*x) xCos [e+f*x] * (b*S:i.n [e+f*x] ) 2 (n+1)/(b*f* (n+1) ) -
d* (b*Sin [e+'F*x] )" (n+2)/(b"2*f"2* (n+1) * (n+2) ) +
(n+2) / (b"2% (n+1) ) xInt[ (c+d#x) * (b*Sin[e+fxx] )~ (n+2),x] /;
FreeQ[{b,c,d,e,f},x] & LtQ[n,-1] & NeQ[n,-2]

2: J(c+dx)’“ (bsin[e+fx])"dx whenn<-1 An#-2 Am>1

Reference: G&R 2.643.1
Reference: G&R 2.643.2

Rule:lf n< -1 An+-2 A m>1,then

j(c+dx)“‘ (bsin[e+fx])"dx —



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

(c+dx)"Cos[e + fx] (bSin[e+-Fx])n+1 dm (c+dx)m™? (bSin[e+-Fx])n+2
- +

bf (n+1) b2f2 (n+1) (n+2)
d’m (m-1)
b2f2 (n+1) (n+2)

n+2

bZ—J(c+dx)m (bSin[e+fx])"+2d1x+
(n+1)

Program code:

Int[(c_.+d_.#x_)"m_.*(b_.*sin[e_.+f_.xx_])~n_,x_Symbol] :=
(c+d*xx) *mxCos [e+f*x] * (b*Sin [e+‘F*x] )" (n+1)/(b*'F* (n+1) ) -
dxmx (C+dxx) A (m-1) » (bxSin[e+Ffxx] )" (n+2) /(b 2%F 2x (n+1) * (n+2) ) +
(n+2)/(bAZ*(n+1))*Int[(c+d*x)Am*(b*Sin[e+f*x])A(n+2),x] +
dA2xmx (m—1)/(b"2*f"2* (n+1) * (n+2) ) *Int [ (c+d*x)~ (Mm-2) * (b*Sin [e+'F*X] ) A (n+2) ,X] /3
FreeQ[{b,c,d,e,f},x] && LtQ[n,-1] & NeQ[n,-2] && GtQ[m,1]

2: J(c+dx)'“ (a+bsin[e+fx])"dx whennez*A (n=1vV mez* v a’-b’#0)

Derivation: Algebraic expansion
Rule:lff nez*A (n=1Vvmez" Vv a®-b?+0),then

~J‘(c+dx)'“ (a+bsin[e+fx])"dx — J(c+dx)"'ExpandIntegr‘and[(a+bSin[e+-Fx])", x] dx

Program code:

Int[(c_.+d_.#x_) m_.x(a_+b_.+sin[e_.+f_.xx_])"n_.,x_Symbol] :=
Int [ExpandIntegrand[ (c+dxx)~m, (a+bxSin[e+fxx])~n,x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[n,0] & (EqQ[n,1] || IGtQ[m,@] || NeQ[a*2-b"2,0])

J(c +dx)™2 (bSin[e+1’x])"+2 dx

13



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

3. f(c+dx)'“ (a+bsin[e+fx])"dx when a’-b? =@ A 2nezZ A (n>0 VmeZ")

1: J(c+dx)"‘ (a+bsin[e+fx])"dx whena?-b?>==@ Anez A (n>0 Vmez")

Derivation: Algebraic simplification
Basis: If a2 - b? == @,thena+bSin[e+fx] =2aSin| 2 (e+22) + %
Rule:lf a2-b2==0 AneZ A (n>0 V meZ"),then

1
J}c+dxw(a+b5ﬂqe+fx”"dx—+(2@“J}c+dnmsm[;(

Program code:

Int[(c_.+d_.#x_)"m_.*(a_+b_.«sin[e_.+f_.xx_])"n_.,x_Symbol] :=
(2#@) “n*Int [ (c+d#X) "m*Sin[1/2x (e+Pixa/ (2xb) ) +Fxx/2] " (2%n),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[a"2-b"2,0] && IntegerQ[n] & (GtQ[n,0] || IGtQ[m,0])

2b

14



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

2: J(c+dx)'" (a+bsin[e+fx])"dx when a?-b? =0 A n+%ez A (N>0 V mez*)

Derivation: Piecewise constant extraction

Basis: If a2 - b2 == @, then 9, —(absinle+fx)’ g
) . 1 na fx12n
Sln[; (e+;>+7]

Rule:If a>-b*>==@ An+2>eZ A (n>0VmeZz),then

(2a)™ntPartinl (34 psin[e + fx]) FracPart[n]

J(c+dx)“‘ (a+bsine+fx])"dx —

c+dx mSin[
sinle, ax , £x 2 FracPart[n] ( )
1"[2"4b+ z]

Program code:

Int[(c_.+d_.#x_)"m_.*(a_+b_.#sin[e_.+f_.*x_])"n_,x_Symbol] :=
(2#a) *IntPart[n] « (a+bxSin[e+fxx])~FracPart[n]/Sin[e/2+axPi/ (4xb) +f+x/2] " (2«FracPart[n])
Int [ (c+d+x) *mxSin[e/2+axPi/ (4xb) +fxx/2]~(2%n),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[a"2-b"2,0] && IntegerQ[n+1/2] && (GtQ[n,0] || IGtQ[m,0])

e anxn fxq2n
—+—+—] dx
2 4b 2

15



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

x: J(c+dx)'" (a+bsin[e+fx])"dx when a’-b?>==@ Anez A (n>0 Vmez")

Derivation: Algebraic simplification
Basis: If a2 - b2 == 9,thena + bSin[z] == 2 aCos [— x2 %]2
Rule:lf a2-b2==0 AneZ A (n>0 V meZ"),then

1
J\(C+dx)m (a+bsin[e+fx])"dx — (Za)"J(C+dx)mCos[; (e—

Program code:

(» Int[(c_.+d_.*x_)"m_.x(a_+b_.xsin[e_.+f_.«x_])~n_.,x_Symbol] :=
(2#a) “n+Int [ (c+d#X) "mxCos [1/2x (e-Pixa/ (2xb) ) +Fxx/2] " (2%n),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[a"2-b"2,0] && IntegerQ[n] & (GtQ[n,0] || IGtQ[m,0]) *)

ma

2b

) + Z—X]anlx

16



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

X: J(c+dx)'" (a+bsin[e+fx])"dx when a?-b? =0 A n+%ez A (N>0 V mez*)

Derivation: Piecewise constant extraction

Basis: If a2 - b2 == @, then 9, —(2:bsinlexfx]1? .. g

Cos |3 (efﬁ%%"]zn

Rule:If a>-b*>==@ An+2>eZ A (n>0VmeZz),then

(2a)™Partinl (3 4+ pSinfe + fx]) FracPart[n] ra

J(c+dx)mCos[§ (e— —

j(c+dx)"‘ (a+bsin[e+fx])"dx —

Cos[% (e—E) + B

2 FracPart[n]
2b 2 ]

Program code:
(» Int[(c_.+d_.*x_)"m_.(a_+b_.xsin[e_.+f_.#x_])~n_,x_Symbol] :=
(2#a) *IntPart[n] « (a+bxSin[e+fxx]) FracPart[n]/Cos[1/2« (e-Pixa/ (2xb) ) +fxx/2] " (2xFracPart[n])

Int[ (c+d»x) ~mxCos [1/2x (e-Pixa/ (2xb) ) +fxx/2]~(2#n),x]| /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[a"2-b"2,0] && IntegerQ[n+1/2] && (GtQ[n,0] || IGtQ[m,0]) =)

4. j(c+dx)'“ (a+bsin[e+fx])"dx when a’-b?>#@ Anez A mez*

(c+dx)"
1: J—dlx when a2 -b2#0 A mez*
a+bSin[e+-Fx]

Derivation: Algebraic expansion

fee 1 _ 2ei? _ 212

Basis: a+bSin[z] = ib+2aei?-ibe?iZ T _ib+2aelZ+ibe2iZ
fee 1 o 2el?

Basis: a+bCos[z] =~ b+2aelZibe?iz

Rule:If a2 -b%? + @ A me Z*, then



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

(c+dx)™ (c+dx)met (erfx)
L L .
a+bSin[e+-Fx] b-2iael(efx) _pe2i(e+fx)

(c+dx)™ (c+dx)"et (e+FX)
[ Y e
a+bCos[e+-Fx] b+2aet (&+FX) 4 p 2t (e+fX)

Program code:

Int[(c_.+d_.*x_)"m_./(a_+b_.xsin[e_.+k_.«Pi+f_.+Complex[@,fz_]+x_]),x_Symbol] :=
2xInt [ (c+d*Xx) “mxE~ (—I*Pi* (k-1/2) ) *E"(—I*e+f*fz*x)/(b+2*a*E" (—I*Pi* (k-1/2) ) *EN (—I*e+f*'Fz*x) —b*E"(—Z*I*k*Pi) *EN (2* (—I*e+f*fz*x) ) ) ,x] /3
FreeQ[{a,b,c,d,e,f,fz},x]| && IntegerQ[2+k] && NeQ[a"2-b"2,0] && IGtQ[m,0]

Int[(c_.+d_.*x_)"m_./(a_+b_.xsin[e_.+k_.#Pi+f_.»x_]),x_Symbol] :=
2*Int[(c+d*x)Am*EA(I*Pi*(k—1/2))*EA(I*(e+f*x))/(b+2*a*EA(I*Pi*(k—1/2))*EA(I*(e+f*x))—b*EA(Z*I*k*Pi)*EA(Z*I*(e+f*x))),x] /5
FreeQ[{a,b,c,d,e,f},x] && IntegerQ[2xk] && NeQ[a"2-b"2,0] && IGtQ[m,O]

(» Int[(c_.+d_.*x_)*m_./(a_+b_.xsin[e_.+f_.xComplex[@,fz_]*x_]),x_Symbol] :=
2*I*Int[(c+d*x)Am*EA(—I*e+f*fz*x)/(b+2*I*a*EA(—I*e+f*fz*x)—b*EA(Z*(—I*e+f*fz*x))),x] /5
Fr'eeQ[{a,b,c,d,e,f,fz},x] && NeQ[a”2-b”2,0] && IGtQ[m,0] =)

(+ Int[(c_.+d_.*x_)*m_./(a_+b_.+sin[e_.+f_.+x_]),x_Symbol] :=
—2*I*Int[(c+d*x)Am*EA(I*(e+f*x))/(b—Z*I*a*EA(I*(e+f*x))—b*EA(Z*I*(e+f*x))),x] /5
FreeQ[{a,b,c,d,e,f},x] && NeQ[a"2-b"2,0] && IGtQ[m,0] =)

Int[(c_.+d_.*x_)"m_./(a_+b_.xsin[e_.+f_.«Complex[@,fz_]*x_]),x_Symbol] :=
2*Int[(c+d*x)Am*EA(-I*e+f*f2*x)/(—I*b+2*a*EA(—I*e+f*f2*x)+I*b*EA(2*(—I*e+f*f2*x))),x] /5
FreeQ[{a,b,c,d,e,f,fz},x] && NeQ[a"2-b"2,0] && IGtQ[m,O]

Int[(c_.+d_.*x_)"m_./(a_+b_.xsin[e_.+f_.xx_]),x_Symbol] :=
2*Int[(c+d*x)"m*E"(I* (e+‘F*x) )/(I*b+2*a*E"(I* (e+f*x) ) —I*b*E"(Z*I* (e+f*x) ) ) ,X] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[a"2-b"2,0] && IGtQ[m,O]



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

(c+dx)"
Z:J dx when a2-b2#0 A mezZ*
(a+bSin[e+1:x])2

Rule:If a2 -b%? +0 A me z*,then

dx —

bdm

(c+dx)™*Cos[e+fx]
d

(c+dx)™ b (c+dx)"Cos[e+fx] a (c+dx)"
f( ja+b5in[e+fx]

+
a+bSin[e+1=x])2 f (a®-b?) (a+bsin[e+fx]) a2 - b?

Program code:

Int[(c_.+d_.#x_)"m_./(a_+b_.xsin[e_.+f_.xx_])*2,x_Symbol] :=

bx (c+dxx) “mxCos [e+f*x]/(f* (a"2-b"2) = (a+b*Sin [e+f*x] ) ) +

a/ (a*2-b"2) xInt [ (c+d+x) ~m/ (a+bxSin[e+fxx]),x] -

bxd+m/ (fx (a*2-b*2) ) xInt[ (c+dxx) A (m-1) xCos [e+Ffxx] /(a+bxSin[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x]| && NeQ[a"2-b"2,0] && IGtQ[m,O]

f (a2 - b?)

J

a+bSin[e+-Fx]

X
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Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

3: J(c+dx)'" (a+bsin[e+fx])"dx when a’>-b?>#@ A n+2€zZ” A mez*

Rule:lIf a2 -b?2+@ An+2ecZ A meZ',then

~J.(c+dx)m (a+bsin[e+fx])"dx —

b (c+dx)"Cos[e+fx] (a+bSin[e+fx])"™

b J(c+dx)m(a+bSin[e+-Fx])"+1dlx+
f (n+1) (a%-b?) a?-b?

bdm b (n+2)

)J]c+de4C%[e+fq (a+bsinfe+fx])"™ ax- 2)J}c+dxﬂshﬂe+fq (a+bsin[e+fx])™ ax
b

f(n+1) (a®-b? (n+1) (a%-

Program code:

Int[(c_.+d_.#x_)"m_.*(a_+b_.#sin[e_.+f_.+x_])~n_,x_Symbol] :=
-b* (c+dxx) *mxCos [e+f*x] * (a+b*Sin [e+f*x] )" (n+1)/(-F* (n+1) x (a*2-b”2) ) +
a/ (a*2-b”2) xInt [ (c+d*xXx) *m* (a+b*Sin [e+'F*x] )" (n+1) ,x] +
bxdxm/ (fx (n+1) * (a%2-b"2) ) +Int [ (c+d*x) " (m-1) xCos [e+fxx] * (a+bxSin[e+fxx])~ (n+1),x] -
bx (n+2) / ((n+1) * (a*2-b”2) ) xInt [ (c+d*Xx) “mxSin [e+'F*X] * (a+b*Sin [e+'F*X] ) A (n+1) ,X] /5
FreeQ[{a,b,c,d,e,f},x] && NeQ[a"2-b"2,0] && ILtQ[n,-2] && IGtQ[m,0]

X: J(c+dx)“‘ (a+bsin[e+fx])"dx

Rule:

J(c+dx)“‘ (a+bsin[e+fx])"dx — j(c+dx)“‘ (a+bsinfe+fx])"dx

Program code:

Int[(c_.+d_.#x_)"m_.+(a_.+b_.xsin[e_.+f_.*x_])~n_.,x_Symbol] :=
Unintegrable[ (c+dxx)“m« (a+bxSin[e+fxx])~n,x]| /;
FreeQ[{a,b,c,d,e,f,m,n},x]



Rules for integrands of the form (c+d x)~m (a+b sin(e+f x))~n

N: Ju'“ (a+bsin[v])"dx whenu=c+dx A v=e+fx

Derivation: Algebraic normalization

Rule:lf u==c+dx A v =-=e+fXx,then

Ju’" (a+bsin[v])"dx — J(c+dx)“‘ (a+bsin[e+fx])"dx

Program code:

Int[u_*m_.x(a_.+b_.#Sin[v_])~n_.,x_Symbol] :=
Int[ExpandToSum[u,x]"m« (a+bxSin[ExpandToSum[v,x]])"n,x] /;
FreeQ[{a,b,m,n},x] & LinearQ[{u,v},x] && Not[LinearMatchQ[{u,v},x]]

Int[u_"m_.*(a_.+b_.*Cos[v_])”"n_.,x_Symbol] :=
Int [ExpandToSum[u,x]*m* (a+bxCos [ExpandToSum[v,Xx]])"n,x] /;
FreeQ[{a,b,m,n},x] & LinearQ[{u,v},x] && Not[LinearMatchQ[{u,v},x]]
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